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In this Note we give an abstract analogue for a result given by us previously 
in our paper [2] on Poisson’s equation. This result was suggested to us by 
professor W. Maak, in 1963 year in Oberwolfach. 
1. Let H be a Hilbert space, and A > 0 be a nonnegative self-adjoint 
operator, with domain D(A) dense in H. Let alsof(t) be a (Bochner) almost- 
periodic function: t E f = (- co, co) to H. Let us consider now u(t), t E 8; 
u(t) E H, to be a strong solution of the equation 
u”(t) -= Au(t) +f(t) (1) 
if u(t) is twice continuously differentiable in H, and u(t) E D(A), Vt E $; 
(1) being verified Vt E j! 
We proved in our paper [3] (and for another proof see [4]), that if we 
suppose 
I 40 IH GL, --co<t<co (2) 
than u(t) is also almost-periodic, from t E 2 to H. 
Let us remember now that the spectrum of a H-valued almost-periodic 
function h(t), t E X h(t) E H, is defined as the set of real numbers h such 
that 
1 r 
lim - 
i T-T ,, 
e-iAth(t) dt f 0. 
It is proved in Bochner [l] (see also our paper [5]) that o(h(t)) (the spectrum 
of h(t)) consists of a countable set of real numbers (A, , A, ,..., A, ,... ). 
Let us call mean value of g(t) the limit 
m(g) = ;+t f 
i 
T 
g(t) dt- 
0 
(4) 
It exists for each almost-periodic H-valued function, in particular for e-%(t). 
We shall prove here the following. 
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THEOREM. Let f(t) b e a H-valued almost-periodic function and u(f) its 
spectrum, Let u(t) be a strong solution of the equation 
u”(t) = Bu(t) +f(t) (5) 
where B > 0 is a nonnegative symmetric operator in H. 
Suppose 1 u(t) IH <L for t E f: then u(t) is H-almost-periodic and 
4u(t)) = 4fw* 
To prove the theorem, let us apply first Friedrich’s theorem on self-adjoint 
extension of semi-definite symetric operators in Hilbert spaces. We obtain 
a self-adjoint operator A 3 0, such that D(B) _C D(A) and Ax = Bx, 
Vx E D(A). Then obviously u(t) is a H-bounded strong solution of the equa- 
tion (l), hence it is almost-periodic. 
We prove now main 
LEMMA. For each real h, and u(t), f(t) given in Theorem I, we have the 
relation 
- Pm(e-i~tu(t)) = Am(e-i”tu(t)) + m(eei”“f(t)) (6) 
and-certainly-: 
m(e@k(t)) E D(A), VA E R’. 
In fact, if we multiply in (1) both sides by e-iAt and integrate partially twice 
from 0 to T, we obtain, in left side 
u’(T) e-iAtu”(t) dt = e-iAT - u’(O) u(T) 
T 
-T+i/)e-iATT- - ih ‘(O) 
T 
- X2 + ST u(t) e-i”t dt. 
0 
As T-t co, the left-hand side has limit 
= - h2m(eei~“u(t)). 
This because, as we proved in [3], from the boundness of u(t) in H follows 
boundness of u’(t) in H. 
Now, in right-hand side of (1) we get 
1 T -J e-iAtAu(t)dt ++jTe&Ay(t)dt= A$lTe@‘u(t)dt 
T o 0 0 
+-id: e-““tf (t) dt 
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(because A is closed operator and u(t) E D(A)). LL’hen T--j CO, it has a (strong) 
limit because in left hand side this limit exists. So we get 
AS 
$+2 f j: ciAtu(t) dt = n~(e--.~~~u(t)) 
too exists, and applying again the closedness of the operator A, we obtain: 
m(~+%(t)) E D(A) and (6). 
Now the proof of the theorem is trivial. 
From 
(X2 + A) m(e-iAtu(t)) = - m(e@tf(t)) 
and because (A2 + A)-l E L?(H, H) V real A, we obtain that 
m(e-iAtu(t)) = H iff m(eciAtf(t)) = 0. 
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